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ABSTRACT
DG, _Ije;:nG = (Z: E) be a graph of order n. The independent domination polynomial of G is the polynomial
w; ;ud _th {:g(a) Q(G,J)xl , where d;(G,j) is the number of independent dominating sets of G of size j. In this paper.
study the independent domination pol. jal ‘ inati ' Barbell h
omd some Lollipop graphs are obminedeo lynomial of a graph. The independent domination polynomial of Barbell grap
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1. Introduction

By a graph G = (V,E), we mean a finite, undirected connected graph without loops or
multiple edges. The order and size of G are denoted by n and m respectively. For basic graph
theoretic terminology, we refer to Chartrand [2]. An independent set in a graph G is a set of pairwise
non-adjacent vertices. A maximum independent set in G is a largest independent set and its size is

called independence number of G and is denoted by a(G). A non-empty sct sScV(G) is a

dominating set if every vertex in V(G) — S is adjacent to at least one vertex in S and the minimum

cardinality of all dominating sets of G is called the domination number of G and is denoted by v(G).
h theory. The theory of

Independent domination problem is one of the interest in grap
independent domination was formalized by Berge [1] and Ore [5] in 1962 and the independent
domination number was introduced by Cockayne and Hedetniemil 3]. Graph polynomial is one of
the algebraic representations for graph. Saeid Alikhani and Peng, Y.H. [6 ] have introduced the
domination polynomial of 2 graph. The independent domination polynomial in graphs
introduced by P. M. Shivaswamy, N. D. Soner and Anwar Alwardi [7].

Theorem 1.1 A graph G of order 1 has domination number 1 if and only if G contains a vertex v of

degreen — 1.
2. The indepe
Definition 2.1. The Barbell graph is the graph

graph by a bridge and it is denoted by By.

ndent domination polynomial of Barbell graph and Lollipop graphs
obtained by connecting two copies of complete

graph K, to a path Pn with a bridge.
Theorem 2.3. LaG:BnbcaBarbeugmphofordah,meindepondandonﬂmﬁonpolynmnial

of B, is D;(Bn,x) = (0* — 1)x2.
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Proof. Let G = B, be a Barbell graph of order 2n and let
V(G) = {v1, V2, ) Vn—1 Vs Vn+1, Unt2s 00 Vzn}-

_ ., Uon}, where A and B are the v,
Let us take A — {vl' ‘[]2' ooi ]]n_l, Un} and B = {Un+11 Un+2, ’ Zn} Ve Ceg

of the two copies of K,. We observe that there are two vertices which can .do.minatc all the
remaining vertices of G, it follows that y;(B,) < 2. To verify that ¥;(Bp) = 2, it is necessary ¢,
show that there is no dominating set with one vertex in G. There is no vertex of degree
2n—1, and so by Theorem 1.1 y;(B,,) = 2. Therefore, y;(B,) = 2.

There are (n? — 1) independent dominating sets of cardinality 2. This can be obtained by choosing 5
vertex v, and one vertex from B other than v, ,1; choosing the vertex v, 4, and one vertex from A
other than v,; choosing one vertex from A other than v, and one vertex from B other than Vnar.
Therefore, d;(B,,2) = (n? — 1). Also there are no other ways to find the independent dominating
sets of cardinality more than 2. Hence Dy(B,, x) = (n? — 1)x2.

Theorem 24. Let G=L,, be a Lollipop graph with {(n+ 1) vertices. Then
Di(G,x) = x + (n — 1)x2.

Proof. Given G = L, ; is a Lollipop graph with (n + 1) vertices say V(G) = {v1, vy,

Y vn' vn+1}a

where the vertices v;,1 <i<n—1, is of degree (n — 1); v, is of degree n and vy, is of degree

1. Since the vertex v, is of degree n, therefore by Theorem L1, ¥;(G) =1 and so d;(G,1)=1.
Now choose a vertex v,,,, and one vertex from V(G) except a vertex V. This produces independent
dominating sets of cardinality 2. This can be done in (n — 1) ways. Therefore, d;(G ,2) = n — 1.
There are no other ways to find the independent dominating sets of cardinality 3or more

Hence D;(G,x) = x + (n — 1)x2.
Theorem 2.5. For any Lollipop graph L
Di(Lpa,x) = (2n — 1)x2.

n,2> the independent domination Polynomial is

Proof. Let G = Ly, ; be a Lollipop graph with (n + 2) vertices. We take the vertex set ag
V(G) = {v1,v, ..., Vn, Vn41, Vn42} Where the vertices v,

| lsiSn—lisofdegree (n—1); v,
is of degree n;vy 41 is of degree 2 and vy, is of degree 1.

Clearly the set {v, Vp42} {vi, Viq1}, S i S ngives a dominating set of cardinality 2 anq s0 y;(G) <
) >2. Thus ¥i(G) = 2.

graph K, €Xcept the vertex Up.
Similarly choose a vertex vy, and one vertex from the complete graph K, eXcept the vertex v,..
of cardinality :

2. There is no vertex of degree n + 1, therefore by Theorem L1,y

Now choose a vertex v,,,; and one vertex from the complete

Thus we get (2n—1) independent dominating sets
Therefore,

di(G,2) = 2n — 1. Clearly there are no other independent dominating sets of .
Cardinality greater

than two. Hence D;(G, x) = (2n — 1)x2.
Theorem 2.6. Let G = L,3 be a Lollipop graph with (n + 3) vertices Tp,

n the independent
domination polynomial of G is D;(G,x) = (n + 1)x% + (n — 1)x3.
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’ Let G=L,3 be |, :
proof n 4 Lollipop graph  with (M+3) vertices say V(G)=

Vz. vee s V‘nr v’l"l. vn42, vn_“;{" ‘thrc th(" ;- . ' A 4 .
{v1: vertices v, 1 < =n-1of degree (n- 1); vy 18 of

ec (n + 1); the vertices v, ,, and p .. . i
degr neqé n+2 are of degree two and the vertex Vn+3 is of degree one.

Obviously, there are two vertices which dominate all the remaining vertices. Thus y;(G) = 2.

Then the sets {v,,v,.,) (v v
n ﬂ+2] ( n n+3]~{U1-L’noz}.{vz,vn+2}.{v3,vn,2},.,,,{vn‘_pvn*z} are thc

independent dominating sets of cardinality 2. Therefore di(G,2) = n+1

By definition, Let us assume that V(K,) = {UI,U?,' . vn} and V(P;) = {vn+x,vn+2-vn+3)

Now, we choose a vertex v;,1 << — 1 from V(K,) and two vertices Vp4q and vy, from
V(P3). This produces the independent dominating sets of cardinality 3.

That is the sets {v;, v, ,, Vnea) {vy, Unse1:Vnash o, (v, _y, Viatr Vsl

Therefore, di(G,3) = n — 1. Finally, it is impossible to find the other independent dominating sets
of cardinality more than 3. Hence D;(G,x) = (n + Dx%+ (n-1)x?

Theorem 2.7. Let G =L, , be a Lollipop graph with (n + 4) vertices.Then the independent
domination polynomial of G is D;(G,x) = x + (3n — 2)x3,

Proof. Given G =Ln,4 a Lollipop graph. Label the vertices of G as V(G) =
{v1, Y2, - Vns Vns 1. Vne2: Vnsa s Unya ) Where the vertices v, 1< i <n—1of degree (n — 1); v, is
of degree (n + 1); the vertices Vp 41, V4, and v, are of degree two and the vertex vy 4 is of
degree one.

By definition, let us take V(K,,) = {v, v,, .., v,} and V(P,) = {Vn+1."n+2:vn+3'vn+4}'

Clearly, the vertex set {v,, Uy, 43} dominate all the remaining vertices.

= 1
Therefore, ¥;(G) = 2. Thus, d;(G,1) | |
Now. we choose one vertex v;( 1 < i <n—1) from V(Ky,) and choose two vertices from V(P,;) which

f degree 2; choose one vertex v;( 1< i <n— 1), one vertex is of degree 2 and one vertex of is

are o .

degree from V (P,); choose a vertex vy, one vertex of degree 2 and a vertex of degree 1 from V(P,).
one 4)

This produces the independent dominating sets of cardinality 3.
lv ’
That is the sets {Vy, Vn+1, Vn+3) (V2: Unsrs Vs oo (Vn=1,Vns1.Vn+3} (V1 Vns2, Vnaa)

v, , U +4 Jare of cardinality 3.

lv ,v ‘.‘}, ...,{V -l vn+21 vﬂ+4}‘ {v,l'vn+2 . ‘ ' . .

:‘hete:'n ; (G,3) ';n 2. Clearly, there are no other independent dominating sets of cardinality 4
m, i » = - . ’

y .5'

Di(Lng,x) = 3nx3 + (n— 1)x*.

graph with (n+5) vertices. We take
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) where the vertices Vi, 1 St <n
. t

n+b
are of degree 2 and

3 ) LV
Vs Vna 1 Vpe2 Vnede Vn+4

V(G) = (v, V2o

| ¥ 20 U"*:‘ (Xﬂd v" 4 ¢
1); v, is of degree (n + 1); the ve

rtices Vpat: Vnt ‘
R

is of degree | o
) Wd V(Ps) = (Vhe1 Vne2r Vn+3r Vnear Vnyn

(vy, V2, o Vo) 0 _
vertices. Therefore, y (1, ;

Let us assume that V(Ky) = .
all the remaining

there are three vertices which dominate |
be obtained by choosing a vertex 1.

(.)bViOUSly. |
ne vmqj

pendent dominating sets of cardinality 3 can
); choose one vertex from V(A cxen,

Then the inde

from V(Ps) 1s of deg
vertex v, and two vertices from V(Ps) of degree 2, choose a
o vertex from V(Ky) of degree 1. Therefore, d;(G,3) = 3n.

o {(Vn-1Vn+1,Vn+3, Vn+s) are the independey

ree 2 and the vertex of degree 1 from V(Ps
vertex Vi, 1isn-1 ftrom L(Kn) OQ‘

vertex from V(Ps) of degree 2 and on
Also, the sets {Vy, Vp+1.Vne3 Vnesh {V2: Vne1,Vns3s Vnesh -

dominating sets of cardinality 4. Thus, d;(G, 4)=n-1
Clearly, there are no other ways to find the other independent dominating sets of cardinality more thy

four. Hence Dj(Lps,x) = 3nx* + (n—1)x*.

Conclusion
The independent dominating polynomial of a graph is one of the algebraic representation of the

graph and quality of any graph representation depend about what information can we get from th
presentation about the graph.
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